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Condensation in a Mixing Layer

Ian M. Kennedy*
University of California, Davis, Davis, California 95616

A numerical study has been carried out on the formation of a water aerosol in a laminar stagnation point
flow. The two impinging streams were at different temperatures and initial supersaturations. As the streams
of vapor mixed, homogeneous nucleation occurred along with condensational particle growth. Attention has
been focused on the impact of the mixing rate of the two streams on the aerosol dynamics. The mixing rate is
determined by the velocity gradient of the flow. High mixing rates were found to reduce the aerosol mass at
the stagnation point of the flow. However, particle number densities were not affected by the velocity gradient
of the flow as the aerosol dynamics adjusted themselves to the different conditions.

Nomenclature
velocity gradient
mean speed of molecule
diameter
nondimensional stream function
thermal conductivity
Boltzmann’s constant
mass of vapor molecule
particle number density
pressure
Prandt] number
volumetric heat release rate due to condensation
radius of cylinder
supersaturation
Schmidt number
temperature
velocity parallel to cylinder
velocity normal to cylinder
volume of molecule in liquid phase
reaction rate
distance parallel to cylinder
mass fraction
distance normal to cylinder
collision rate function
nondimensional distance normal to cylinder
viscosity
kinematic viscosity
gas density
surface tension
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Introduction

S two streams of gas carrying a condensable vapor mix,
the local supersaturation in the flow may become suf-
ficiently high to initiate homogeneous nucleation'? or het-
erogeneous nucleation on existing particles. Chemical reac-
tion between vapors in the two streams may also lead to the
formation of particles from a low vapor pressure product.?
Once particles are formed, they grow by condensation of the
available vapor onto their surfaces.
The production of aerosols for industrial purposes is com-

“mon, and the usual concern in these operations is with the

size and uniformity of the product. Atmospheric pollution
may also be caused by aerosol formation. The characteristics
of the aerosol are again of considerable concern for environ-
mental and human health reasons. Particle formation and
deposition on surfaces in furnaces and engines is an important
technological problem* for which an understanding of aerosol
dynamics in a mixing boundary layer is required. The visibility
of the aerosol in rocket contrails is determined by the particle
size and number density.®> Many of the processes that are of
interest take place in turbulent flows in which mixing occurs
by turbulent transport on the large scale; at the small scales
of the turbulence, molecular mixing of reactants permits
chemical reactions to take place. These reactions can lead to
aerosol nucleation and growth. In a similar manner, turbulent
mixing of streams of gas with different partial pressures of a
condensable vapor may lead to the formation of an aerosol.

The characteristics of an aerosol (i.e., number and particle
size distribution) are determined by the dynamics of the nu-
cleation, growth, and coagulation processes. The dynamics of
the aerosol in a mixing flow are, in turn, associated with the
rate of mixing, which is imposed upon the system by the fluid
dynamics. If the characteristic rate of condensable monomer
formation by chemical reaction or if the rate of aerosol growth
is slow compared to a characteristic mixing rate, then the
dynamics of the aerosol formation process may be altered. In
a turbulent flow, the local flowfield may be resolved in terms
of a translation, a rigid-body rotation, and a pure straining
motion.® A useful analog for the straining motion in a tur-
bulent flow is a stagnation point flow with counterflowing
streams. One configuration that has received considerable
attention is the flow around a porous cylinder from which a
second stream of gas is emitted’; other stagnation point flows
are kinematically similar. It is the purpose of this paper to
investigate the potential impact of the flowfield in a simple,
laminar flow on the dynamics of an aerosol that forms as the
result of the mixing of two dissimilar streams of gas.

Stagnation Point Flow

The flow configuration that has been studied is a stagnation
point flow, which is shown in Fig. 1. The model aerosol system
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Fig. 1 Stagnation point flow.

consists of the condensation of water vapor. A warm stream
of gas that is laden with water vapor issues from a porous
cylinder. A cooler, water laden stream approaches the cyl-
inder. A stagnation point is established in the flow at the front
of the cylinder. This configuration was chosen in preference
to an axisymmetric flow that would be produced by two im-
pinging round jets; experimentally, the use of a porous cyl-
inder permits filtration of one of the streams to remove foreign
particles. Alteration of only a constant is required in order
to convert the calculation to the kinematically similar axisym-
metric case. The results that will be presented are relevant to
any quasisteady strained mixing layer and are not unique to
the particular configuration that has been chosen.

The straining motion of a turbulent flow can be related to
the gradient in velocity of the stagnation point flow. As the
strain rate or velocity gradient is increased, gradients of tem-
perature and concentration are increased; mixing by molec-
ular diffusion is therefore also increased. Molecular mixing
in a turbulent flow is affected by the strain rate or scalar
dissipation rate® in the same way that mixing in the laminar,
stagnation point flow is affected by the velocity gradient of
the flow. The laminar, stagnation point flow is useful, there-
fore, in understanding the effect of molecular mixing in tur-
bulent flows.

Production of an aerosol in these flows may be affected by
the mixing rate. This possibility has been explored numerically
by calculating the aerosol dynamics for two different velocity
gradients, ¢ = 10 and 1000 s~!, which reflect simply a change
in the velocity of the flow approaching the cylinder. The nom-
inal velocity gradient is a = 2 V_/R where V., is the velocity
of the approaching flow well upstream of the cylinder and R
is the cylinder radius.

The flow field is described by the continuity equation, mo-
mentum equation, and energy equation. In boundary-layer
form, these equations are

dpu , dpv _
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In the momentum Equation (2), the pressure gradient aP/ox
can be related to the velocity gradient a = du,/dx of the flow
external to the viscous boundary layer. In the energy Equation
(3), a constant specific heat has been assumed.

Following normal practice, the continuity equation is sat-
isfied by writing the equations in terms of nondimensional
stream function f where

u=uef,
,_ 9f

pv = —(alp. p.)"* f

The nondimensional coordinate normal to the cylinder is

vz
- (& P gy
- () [2o

° p,
With this transformation, the momentum equation becomes
an ordinary differential equation along the stagnation stream-
line

/A -+ pdp =0 4

The energy equation is rewritten in terms of a nondimen-
sional temperature T = TCp/L, where Cj is the specific heat
and L is the latent heat of vaporization. The energy equation
in transformed coordinates along the stagnation streamline
becomes

1 . - W
— T + FfT" = —
Pl I = ©®)

These two equations describe the flow along the stagnation
streamline at the front of the cylinder. They are coupled to
the condensation process through the rate of condensational
heat release and the density of the aerosol/gas mixture. The
boundary conditions for this problem are, at the wall, f(0) =
—1and T(0) = 348 K, whereas in the freestream, f'(») =
1 and T(«) = 283 K. The boundary condition at the wall has
been chosen arbitrarily, i.e., f(0) = —1; variations in this
value only serve to shift the zones of aerosol formation relative
to the cylinder but they do not change the dynamics of the
system.

Condensation

For most of the calculations that are to be discussed, no
foreign particles have been introduced into the flow. Con-
sequently, the formation of aerosol depends on the initial,
homogeneous nucleation of fresh condensate material. With-
out the surface provided by homogeneous nucleation, further
growth and condensation would be impossible.

The theory of homogeneous nucleation has been reviewed
by Springer.® The nucleation rate that was used in these cal-
culations was as follows:

j o 2P0y, [_ 1618 viod 1

= 28 mer: 3 kT /;;s] ©)
The dominant influences on the nucleation rate are the

supersaturation S and the temperature T. In order to calculate
the supersaturation, the saturated vapor pressure was calcu-



382 I. M. KENNEDY

lated from Clapeyron’s equation. The surface tension that
appears in Eq. (6) was calculated from a curve fit to available
data for water at various temperatures.

The rate of condensation onto existing particles was cal-
culated as

Py
kT

R d3[S — 1] (Kn) ™)

w,=m

Bl et

where P, is the saturation pressure and d,, is the diameter of
a particle. The Kelvin effect of particle curvature has been
ignored by taking particles to be created at a size somewhat
larger than the critical size; Warren and Seinfeld' found that
the size of the nuclei was not important in their calculations
of aerosol dynamics. The Fuchs-Sutugin interpolation formula
f(Kn) has been used in Eq. (7) to cover the full range of
particle Knudsen numbers Kn. Particle coagulation has been
handled with Schmoluchowski’s formula with the assumption
of a monodisperse aerosol; a size distribution could be intro-
duced at the expense of considerably more computational
effort through the use of, for example, the sectional approach
of Gelbard and Seinfeld.'? The coagulation rate is, therefore,
given by

Vomg = = N2 ®)

where
B = 8kT3u 9)

The particle surface area in Eq. (7), 7 d%, is evaluated using
the assumption of a monodisperse acrosol. The particle di-
ameter d, may then be obtained from the condensate mass
fraction Y, mixture density p, and number density N as

6 Y 13
— _p.._ﬁ
@ = (K P N) {10

With the nucleation rate and condensation rate specified
as in Eqgs. (6) and (7), it is possible to write conservation
equations for condensate mass fraction, condensable vapor
mass fraction, and particle number density. The latter quan-
tity is required in order to determine particle diameters via
Eq. (10).

The equation for the mass fraction of water vapor Y, is

Y, Y, 9 Y,
1% — 2= — D=2} 4+ %
pu— + pv oy ( ay) W (11)

In transformed boundary-layer form, the equation becomes

1
Sc,

Y + fY! = wipa (12)

where the water vapor Schmidt number (»/D) is Sc, and the
consumption rate of vapor w is the sum of two terms, i.e., w
= w, + w.. The rate of loss of vapor through nucleation is
determined by the nucleation rate, the size of nuclei, and
their density, which is taken to be the same as the bulk liquid
density. At the wall of the cylinder, a balance of convection
and diffusion gives

Y,(0) =Y, — pl2 Y, (0)/(Sc, " f.) (13)

in whichY,_ is the vapor mass fraction of the gas supplied to
the cylinder. In the freestream,

Y, () =7, (14)
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Following estimates of particle diffusivities, the Schmidt
number of the condensate particles has been taken to be
infinite, i.e., the particles have zero diffusivity. This has the
effect of reducing the condensate mass fraction and particle
number density equations to first order. The condensate mass
fraction Y, is given by

fY. = wipa (15)
with boundary conditions of
Y. (0)=0
Y. (%) = 0
Similarly, the particle number density is given by
FN' = (J + Wey)la (16)
with boundary conditions of
N@©)=0
N(x) =0

i.e., there are no foreign nuclei. These two equations must
be integrated from either boundary of the computational do-
main toward the stagnation point. Hence, two boundary con-
ditions are required for what are effectively two equations in
each case. The problem is closed by specifying the density of
the two-phase mixture.

Ideal gas behavior is assumed for the gaseous phases and
the density of liquid water has been taken as a constant value
at 300K. The mixture density is then

-1
Y, Y, Y,
==+ =+ -2 17
P (Pc P, pa) (17)

in which Y, is the mass fraction of air, and the densities p,
and p, are determined as functions of T through an ideal gas
equation of state. The various mass fractions are related as

Y.+Y, +Y, =1 (18)

Computations

Five simultaneous, ordinary differential equations need to
be solved. They are the momentum, energy, vapor mass frac-
tion, condensate mass fraction, and particle number density
equations. The extreme sensitivity of the nucleation rate to
temperature and supersaturation causes the problem to be
numerically difficult. The method of solution that has been
used was first developed for application to flame structure
problems. !

The solution to the finite difference form of the equations
is sought initially in a time-dependent manner to the set of
equations

fix) =0 (19)

As the solution to the time-dependent equations ap-

proaches sufficiently close to the steady-state solution, a damped

Newton method is employed to hasten convergence by solving
the system of equations

Ty @t = xm) = — A" f(") (20)

where the Jacobian is

_Afs
Ju= 5% @1)
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and A" is the damping factor for the nth iteration. Iteration
continues until the norm of the correction vector |£*+! —
%7l < 103, This method is able to cope with the strong
nonlinearities in the condensation problem.

Results

Two velocity gradients or strain rates have been investi-
gated. They are ¢ = 10 and 1000 s~1; this variation can be
achieved in practice by adjusting the velocity of the flow ap-
proaching the cylinder by a factor of 100. The mole fraction
of water vapor admitted to the porous cylinder was 0.3 for
both of the cases. The supersaturation in both streams was
held at unity. The nondimensional stream function at the
cylinder was f,, = ~1.
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Fig. 2 Velocity profile for a = 10s~1.
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Fig. 3 Water vapor mass fractions: —a = 105~ --- a = 1000
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Fig. 5 Supersaturation as a function of nondimensional distance n:
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The flowfield for the lower velocity gradient condition (a
= 10 s7!) is illustrated by the velocity component shown in
Fig. 2. As a result, the ratio u/u, approaches unity outside
the boundary layer.

The water vapor mass fraction and temperature for both
cases are shown in Figs. 3 and 4, respectively, as functions of
dimensional distance. Because the Lewis number is close to
1, the profiles of Y, at a given velocity gradient are similar
to those of T. The effect of increased blowing is to cause a
significant steepening of the thermal and concentration gra-
dients. If Figs. 3 and 4 were replotted in terms of the similarity
coordinate 7, then the curves for different values of velocity
gradient a would be almost identical. Presentation of the re-
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10-2 flows. Increasing the velocity gradient has the effect of re-
ducing the amount of coridensate that is formed. This is not
unexpected since the characteristic residence time for the aer-
osol in the flow is given by 1/a; less residence time leads to
.3 less condensation.
107 & Figure 7 shows the particle number densities for the two
velocity gradients. In this figure, it is apparent that an increase
= in the velocity gradient has little effect on the number density
(o} ‘ of particles near the stagnation point, even though, as we
5 104 | shall see, the particle nucleation rate is affected substantially.
< Of course, the aerosol zone in the flow is much thinner (by
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Fig. 7 Particle number densities as a function of nondimensional
distance 7: ——a = 10s™'; ---a = 1000 s,

sults in terms of the nondimensional similarity coordinate
facilitates comparisons of the results for different flow con-
ditions and, therefore, is used in the following discussion.

The supersaturations for both flows (¢ = 10-and 1000 s-1)
are presented in Fig. 5 as functions of the nondimensional
distance . It is apparent that blowing harder against the
cylinder causes the peak supersaturation for a = 1000 s—! to
be about 3.56 compared to a value of 3.40 for the lower
velocity gradient. The reason for this behavior will be ex-
plained later. .

Figure 6 presents the condensate mass fraction for the two

Fig. 8 Condensation rates as a function of nondimensional distance
nt—a = 10s"%---a = 1000s ~.
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an order of magnitude) at the higher velocity gradient; this
would be apparent in a plot of the same results as a function
of physical distance from the cylinder. Coagulation serves to
keep number densities about the same, and, in addition, higher
nucleation rates at higher velocity gradients are offset by re-
duced residence times for the flow. Condensation rates onto
droplets and nucleation rates of fresh particles are shown in
Figs. 8 and 9, respectively. A significant effect of the mixing
rate or velocity gradient may be seen for both of the rates.
The effect of pre-existing particles on the dynamics of the
aerosol processes has been investigated by altering the bound-
ary conditions at the cylinder and at the freestream boundary.
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Fig. 10 Aerosol mass fraction with particles in the freestreams, a =
10s-2,

1014
q—
E
>
E
7]
-
a 10|
o _
w
]
=
>
Z
1012 - - — -
00 10 20 30 40 50 6.0

n

Fig. 11 Particle number densities with particles in the freestreams,
a=10s"",
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Fig. 12 Nucleation rate with particles in the freestreams, e = 105,

Particle number densities of 10!* m~3 have been prescribed
with particle diameters of 125 nm; the particles are assumed
to be water so that there is no alteration to the surface con-
dersation rates. Because the vapor supersaturations are unity
in both of the streams, outside the mixing layer there is no
condensational growth or evaporation of the droplets prior
to their arrival at the stagnation region of the flow.

Pre-existing particles or foreign nuclei may have substantial
effects on-aerosol formation dynamics by serving to scavenge
vapor and reduce supersaturation levels. By this means, het-
erogeneous nucleation or condensational growth may be fa-
vored over homogeneous nucleation. Figure 10 presents the
condensate mass fraction for a velocity gradient of 10 s~ 1.
The maximum amount of condensate at the stagnation point
is somewhat lower than that obtained with particle free
boundary conditions. The number densities that are shown
in Fig. 11 indicate that the peak number density at the stag-
nation point is slightly lower than in the original calculation
shown in Fig. 7. This result is reflected in the slightly lower
nucleation rate that is apparent in Fig. 12.

Discussion

As the velocity gradient in the laminar, stagnation point
flow is increased, the gradients of the scalar quantities are
increased, as seen in Fig. 4. Consequently, the rate of mo-
lecular mixing is enhanced. A high strain rate or velocity
gradient in a laminar, stagnation point flame leads, eventu-
ally, to extinction of the flame as the rate of chemical reactions
fails to keep up with the rate of mixing imposed by the flow.”
Similarly, the strain rate has been found to have an impact
on the formation of an aerosol in this numerical study.

Three processes are important in determining the dynamics
of an aerosol. The first is homogeneous nucleation, which is
capable of producing large numbers of particles very quickly.
The second process is condensation onto existing particles.
Finally, coagulation serves to decrease the number density of
the aerosol. All of these processes may be affected by the
flowfield if the strain rate is sufficiently high.

The residence time that particles have for condensational
growth is proportional to the inverse strain rate, 1/a (s). With
less time available for growth, the total mass of aerosol that
is produced in the flow decreases with increasing strain rate.



386 I. M. KENNEDY

As a result, less vapor is consumed by the condensation pro-
cess. More vapor becomes available for nucleation, i.e., the
supersaturation is increased.

Enhancement of the supersaturation by the reduction of
condensational growth is due to a reduced convection time
for particles. In addition, the rate of diffusion of vapor is
greater at high strain rates because of the greater concentra-
tion gradients. At a velocity gradient of 10 s~*, the gradient
of water vapor mass fraction at the stagnation point is about
—0.04 mm~1. At1000s~?, the gradient is about —0.39 mm~1.
The gradients scale with the square root of the velocity gra-
dient. As a result of the steeper concentration gradient at the
high velocity gradient, molecular diffusion is capable of sus-
taining high rates of nucleation by maintaining higher super-
saturations.

A comparison of the nucleation rates for the two cases
reveals that, at the high velocity gradient, the peak nucleation
rate is 65 times greater than for the low velocity gradient case.
However, the higher nucleation rate does not result in greater
particle number densities near the stagnation point due to two
offsetting factors, viz., the reduced residence time in the flow,
which is determined by the velocity gradient and the effect
of coagulation. The plot of particle number densities as a
function of the nondimensional distance from the cylinder
shows that they are approximately the same for both flows.
It may be concluded that the velocity gradient does not affect
this aspect of the aerosol characteristics.

The slower process of condensational growth is affected by
the residence time in the vicinity of the stagnation point.
Figure 8 reveals that the rates of condensation are about an
order of magnitude greater for the low velocity gradient con-
dition. This is primarily due to the larger size of particles and
the concomitantly greater surface area that results from longer
residence times for particles in the flow. The reduction in the
vapor mass fraction and the supersaturation that lead to lower
nucleation rates at low velocity gradients are too slight to
affect the rate of condensation.

The range of velocity gradients that have been studied in-
dicate a reduction in the mass fraction of condensate by two
to three orders of magnitude (see Fig. 6). Because the particle
diameters are governed by the mass fraction and the number
density, one may conclude from these results that the particle
diameters vary over a range of 5-10. The effect on light
scattering may be significant. For infrared wavelengths, the
particles may be close to the Rayleigh limit for light scattering
for which their scattering efficiency varies with the particle
volume. This quantity is in turn related directly to the con-
densate mass fraction. Consequently, significant effects on
scattering could be expected as a result of variations in mixing
rates. At shorter, visible wavelengths, the effect may not be
quite as great but should nevertheless be observable. Fur-
thermore, if the results of Fig. 6 were plotted vs distance from
the cylinder, it would be apparent that the width of the aerosol
layer is reduced by the high velocity gradient, i.e., the total
amount of aerosol in the flow is reduced. This observation
reinforces the conclusion that light scattering from the aerosol
will be reduced at high strain rates.

Particles that were introduced into the flows outside the
mixing layer in significant numbers appeared to have a modest
effect on the dynamics of the aerosol. Only a small amount
of vapor was consumed in condensation on the pre-existing
particles and, as a result, the supersaturation was not reduced
significantly. The rate of homogeneous nucleation was hardly
affected and the particle number densities were reduced only
slightly. In a uniform vapor, the presence of particles may
suppress homogeneous nucleation altogether. In this flow,
however, supersaturations are produced as the result of mix-
ing, and if that process occurs sufficiently quickly, then there
may not be adequate time for substantial conversion of vapor
to liquid by relatively slow condensation. As a result, super-
saturations may be produced that are significantly in excess
of unity. The phenomenon may be compared to the behavior
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of the more familiar uniform vapor. In that case, supersatur-
ations may be produced by changes in pressure via an ex-
pansion. If the process occurs sufficiently rapidly, then ho-
mogeneous nucleation is favored over the competing processes
of heterogeneous nucleation or condensation.

The stagnation point flowfield that has been studied is rel-
evant to the consideration of aerosol processes that may occur
as the result of the turbulent mixing of different streams of
gases. Velocity gradients or strain rates in the laminar flow
may be interpreted in terms of the scalar dissipation rate of
a turbulent flow; Bilger® has discussed how this quantity is
associated with the rate of molecular mixing in a turbulent
flow. The results that have been discussed here with regard
to the effect of the stagnation flow strain rate on the aerosol
dynamics may be applicable to flows that involve turbulent
mixing.

Conclusions

A numerical model has been developed for the dynamics
of an aerosol that is formed when a hot, moist gas stream
meets a cooler, moist stream in a laminar, stagnation flow.
Attention was given to the impact of the velocity gradient or
strain rate of the flow on the dynamics of an aerosol.

An increase in the strain rate caused a reduction in the total
mass of condensate that formed. This was due to a decrease
in the residence time of particles in the flow. On the other
hand, an increased strain rate resulted in an increase in the
rate of formation of particles but did not cause an increase
in the particle number density. This has been ascribed to the
joint effect of reduced residence times for particle formation
at higher velocity gradients and also to the effect of particle
coagulation. The results suggest that rates of turbulent mixing
may affect phenomena such as light scattering in aerosol form-
ing flows.
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